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1. Introduction

We know that the Dirac equation is one of the funda-
mental equations of physics which allows not only to
determine the value % of the electron spin, but predict
the existence of an antiparticle. However, this equation
is not free of difficulties related to states of negative
energy, and in order to explain certain phenomena, the
use of field theory becomes more than necessary. A
good approximation for the treatment of certain prob-
lems, when the interaction is not strong enough, is the
direct use of the Dirac equation, which is sufficient in
this case. For example, for a particle of spin % the cor-
rection due to the polarization of the vacuum can be
obtained, following Pauli’s results, in a simple mod-
ification of the Dirac equation, where the movement
of the particle is corrected by an additional term de-
scribing the anomaly of the magnetic moment of the
particle.

In addition, we know that the operators of quantum
mechanics play a central role in the quantization; later,
another means of quantization has been proposed using
the path integral. If, in non-relativistic case, the deep
link with classical mechanics has been established with
the path integral formulation, in the relativistic case
there are various formulations. For the Dirac equation,
for example, which is a matrix equation in which the
spin is described by the matrices y* (which do not
commutate), the formalism of path integrals accord-
ing to Fradkin and Gitman [1,2] — object of this pa-
per — uses two types of variables: bosonic for the ex-
ternal motion and fermionic (Grassmann) for the in-

terior motion of the particle. Two types of representa-
tions of path integrals relative to the equation of Dirac
exist at present: one, the so-called global one, is based
on the “square” of the Dirac equation, i.e. the Klein-
Gordon equation with an additional spin-field term; the
other one, the so-called local one, which uses a matrix
73 [3] for reasons of homogenization, gives the physi-
cal states directly and not artificially, in contrary to the
global case.

The purpose of this paper is to examine the possi-
bilities of solving simple problems of particles inter-
acting with an external classical field, using these two
representations, equivalent by construction to the Dirac
equation. We consider in this paper the Klein-Gordon
and the Dirac particles moving in a gravitational field
which is relatively weak. Our object is to show by a
simple modification, that we can easily obtain from
the classical trajectories the Green functions solution
of the Klein-Gordon and the Dirac equations.

In the absence of gravitation we have an Euclidian
metric 7,v. When the gravitation is weak, the metric is
not flat but can be chosen such that the Green functions
have analytical expressions. In first approximation the
metric is [4]

g,uv(x) - nuv +huv(kx) or

¢ () = Y — Y (k). W

where the matrix 4 is considered as a perturbation and
is chosen in a simple form. It only depends on the prod-
uct kx, where k and x are the 4-vectors related to the
wave number and the position of the particle.
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It is further supposed that the form of £ [4] is
WY (kx) = a*V F (kx), (2)

where the wave number 4-vectors k and the elements
of the (4 x 4) matrix a statisfy the condition
=0, klayy=auwk' =0, Tra=0. (3)

We begin with the simple case of the Klein-Gordon
particles (without spin) to determine the Green func-
tion, and then we pass to the Green function for the
Dirac equation following successively the two repre-
sentations, without using the 7° matrix for the global
approach and the local approach, where the matrix
7> [1] is necessary. Let us note that this problem has
been the object of some other works [4, 5], calculating
the Green functions for particles of spin 0 and spin %
by solving the Klein-Gordon and Dirac equations via
the solutions of the respective Heisenberg equations.
The same problem has recently been considered with a
stochastic approach [6] and with the formalism of path
integrals [7], using only the global representation.

Let us begin with the simple case of the Klein-
Gordon particles.

2. Green Function for the Klein-Gordon Particle

In this section, we propose to determine the Green
function for a particle in a weak gravitational field,
which solves the Klein-Gordon equation

(Py — Pohopy —m?) G (xp,%a) = 6* (= xa). (4)
Symbolically we have

Go=o L
P php—m®’

and with the help of a parameter A, we obtain for ¢
the exponential form

G (xpoxa) = i /O dA (v, | exp [AB(D.9)] | xa),
where
H(p,&) = m® — p*+ papF (kx),

following [4].

Let us pass now to the path integral formulation. To
construct the Green function, first let us eliminate the
operators. We use the usual procedure: subdivide the
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interval [x,4,xp] into N equal intervals of length At =
%, then insert the closed relations

[axiwl=1. [aplppi=1.
with the scalar product

1
(x1p)= e
P2
which allows to pass from one base to another one.
Next we eliminate the operators by using

o x)=x*x), p*|p)=p"|p).

Now we choose the Weyl order or the mid-point pre-
scription, and the expression of the Green function then
is

G (xp,xq) :i/wdl/Dx/Dp
0

A Q)
- exp {1/0 [pi+ p* —m* — papF (kx)] dr}.

Let us now proceed to its evaluation: As the action de-
pends on kx, let us define ¢ = kx as a new variable. We
introduce the identity [8 — 10]

/d%/dcpaS((pa—kxa)/D(P/Dm

.exp{i/olpq,(([)—kx)d‘c} =1. ©
Then (5) becomes
G (xp,Xq) :i/owdl/Dx/Dp/d(pb
'/d(Pa5((Pa_kxa)/D(P/Dp(p
X ™)

~exp{i/ [(p— Pok)i+ ppp+p*
0
—paF((p)p—mz]d’c}.

Introducing p = P + pek, the measure remains un-
changed. We then have

G (xp,Xq) :i/wdl/Dx/Dp/d(pb
0
: /d(paa((Pa_kxa)/D(P/Dp(p
A

. exp{i/o [px—i—pz—i— (¢ +2pk)pg
—F(Q)pap —mz]df}.

(®)
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Let us integrate the first term of the action by part,

A A
/o pxdT = (ppXp — PaXa) — /o pxdr,

and then integrate over the paths x (1),

G(xa) =i [ 4k [Dps(p) [ ag,
/d(pa —kxg) /D(p/Dp(p

- exp {i [(xbpb —Xapa) + /0 [P* + (2pk+ @) py
_F((p)pap—mz]] }dr.

The Dirac function d(p) expresses that the momentum
of the particle remains constant during the motion,
p1L=p2=...= py, = p=const. )

Integrating successively over all the p,, the integral
J Dp is finally reduced to a simple integral [ g—fr.

G (xp,xa) _1/ d?t/zp/d(pb/d(pa

. /D(p/Dp(pexp{i(xbpb —XaPa)} 6(P)

—kxy)
(10)

- exp {i/ol (P> + (2pk+ @) py — F(9)pap — mz)df}

Integrating over py also leads to a Dirac function
0 (2pk+ @). The integration over the variables ¢
shows that the essential contribution to the Green func-
tion comes from the trajectory

de
— = —2pk 11
= Pk, (1n
i.e. from the path described by
0 (1) = —2pkt+ ', (12)
which is obviously that of a line.
Thus G° becomes
G (xp,%q) —1/ dl/ /d(pb/d(pa —kxg)
5(0p ko <2pk>x>e><p{i [pm, —x) o a3)

+/ pP—m d‘L’]}/D(pexp{ 25: ” ((p)d(p}.

This Green function G (xp,x,) has a form which is not
symmetrical with respect to the positions x, and x;.
In order to symmetrize this expression, let us introduce
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the integral representation of the & function
— (2pk)2)

1 .
= 7 /dP% exp {IP%[(Pb —kx, — (ZPk)M} )

5((/)1, — kxa

Let us change then p into p — kpg,, so we have

G (xp,xa) fl/ dz/—exp“ (6 — x2)
+/ p—m)dr}}exp{if o

After transforming p into —p, we integrate over A. The

(14)
(<p)d<p}.

result is
. 1 d*
G (xp,%q) = —4/27102
cexpei|p(p —xq)+ (pap) kXbF((p)d(p .
2pk Jix,

A simple integration over p° leads to the following
form:

i 3
Gt =5 L 0lets )] [ 1

e=+ 2717)3
.exp{—iew(tb—ta)JriB(;{,—;;)} (16)

i kx
eXp{m(pap) ) F((p)d(p},

which allows us to extract the wave functions related to
the Klein-Gordon particle in a weak gravitational field:

¥ (x) = [(271[)3 (zp%)% CXP{ ﬂFi(px

(pap)
2pk

a7)

kxF((p)d(/)) H (o) 2

3. Green Function for a Dirac Particle:
Global and Local Approaches

+

Let us pass now to the Dirac particle: We consider
the motion of a Dirac particle in a weak gravitational
field using the path integral approach. The Green func-
tion S which we propose is the solution of the follow-
ing equation:

1
= s )y~ S35 =533, 19
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where y* are the usual Dirac matrices obeying the re-
lations
Yyt =2¢"Y, wv=0,1,23.

We know that in the global approach of the path in-
tegral formulation of the Green function it is not nec-
essary to introduce the matrix 7> [3] to the global ap-
proach contrary to the local approach.

Thus, in the global approach we can obtain the
Green function according to [2, 3] by

1

S(xp,xa) = {— Yﬁb+5F(kxb)?’aﬁb+m] G(xp,x4), (19)
where

G(xp,x,) =iex i}/"‘i /wdl/Dx/D

bs*ra p 66“ 0 p
A
/D‘Pexp{i/ dz {p}é—i‘l’“‘l"“—i—pz—mz (20)
E 0

~papF = 3(pa?)EF | + B0}

lo=0

In the local approach we find

S(xp,x4) —exp{i)ﬂ%}/mdl/dx/Dx
0
A
~/Dp/D‘Pexp{i/ d’c[px—i‘f’n‘f’"-i-pz
E 0

1 2n
—m? — papF — E(pa‘I’)(k‘I’)F' + (— (p¥)

+ SF(ap®) —m9®) ] +%<M’”<0>}

6=0

We propose to evaluate the Green function with the
method already used in [9] which mainly consists of
introducing two identities: The first one depends on the
variable which characterizes the gravitation, the sec-
ond one describing the spin in a form similar to the
first. In order to obtain the expressions for the Green
functions let us return to the definition of S(x;,x,)
which is the matrix element

S(xp,xa) = (xp | S | xa)

of an operator S. Symbolically, we have

1 A
(—}/ﬁ—i— EF(kx)yaﬁ—m)S:I, (22)
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or
1

—Yp+ %F(kx)yapA —m
1

 —§p+iFyap—my "

S=
(23)
Sy’

Let us remind that the matrix > is defined by

F=rPrer. (F) =1
Then, we have for the global case the following equal-
ities:

1

(—vp+ 3F (kx)yap —m)

- [—m%nkx)(yamm) G,

(24)

with the relation between $ and G as
1
S(xp,Xa) = [— YﬁbJrEF(kxb)Yaﬁb—km} G(xp,xq), (25)

where

G:i[/wd/lexp{i/l(—yﬁ
0

| | (26)
+ EF(kx)yaﬁ - m) <— Y+ EF(kx)yaﬁ—km) H .

For the local case the Green function to be evaluated is

the following:

§= / d?t/dxexp{i [,52 —m? — papF
i | 1 27

+ 2 (pactF 4 (— (79)+ S F (7ap) - mfﬂ }

where the parameters A and ) are the bosonic and
fermionic variables, respectively.
The kernels are in the global cases

G:i/ dA exp (—iAH,(p.5)), (28)
0
with
2 2 A A i !

Hy, = p” —m” — papF + EpaGkF , (29)
and in the local case

S= [ a [exo(-i (.5, 0) dz. (30)

0
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with

A = p* —m? — papF + = packF’
2
1 31)
+ X ( (vP) + 3 F (vap) mf)

Let us then pass to the path integral formulation. We
first have, for the global case,

Gloxpoxa) =i /0 "4 (xp exp { —iAH(5,2)}xa), (32)

and for the local case

S(anxa) = | dR [ exp (—iRA (z.5,) [x2)dx.
(33)

Following the usual procedure (Trotter formula, inser-
tion of projectors, etc....) we obtain the Green func-
tions in the two cases,

i) global

o0 A
G(xp,xq) :iT/ d?L/Dx/Dpexp{i/ dr
’ N2
. [p)&—f—pz—mz — papF + %paGkF'} },

ii) local

S(xp,xa) :T/Omdl/dx/Dx/Dp

l .
~exp{i/ dt [p)&—f—pz—mz — papF + %(pack)F'
0

( (7p)+1F (yap) — 7/5) ”

Here the time-ordered product T is introduced because
of the presence of the matrices 7.

In order to eliminate the T-product, in a first step we
shift the T-symbol by using the following identity:

Texp{F(y'(7))} =

ool ()ren{ [ 7

Then, in a second step, the T-product is replaced by a
path integral

A N R 2
T exp /()p,,)/ld’c =exp nflw /D \%Wl:e

A
~exp{/0 (‘PH‘I’"—Zipn‘I’”)dT—i—‘I’n(l)‘P"(O)}. (36)

(35)

p=0
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Let us note in passing that the terms o*v will be re-
placed by
D L A4S (37)

and that the term

i(pack)F’ — —%(pa‘l’) (k¥)F'’

2

is a product of factors. Thus, we have in the global case

G(xp,xa) = leXp{lynaen } /Omd)L/Dx/Dp

A
'/D'Pexp{i/ dr[px—i—pz—mz—(pap)F (38)
E 0

- (PN REIF | O oo

and in the local case

(w}/ dl/dx/Dx/Dp

~/D'Pexp{i/ dr[px—i-pz—mz—(pap)F
E 0

S(oxp,xq) = exp{

- S WE)F + (= () + L (Wap)F )
—i‘Pn‘P"] +¥,(A)P"(0) |o—o } (39)

Having formulated the Green function in the path inte-
gral approach, let us proceed now to their calculation.
For that, let us use the properties of their dependence
on the gravitation [8]. Therefore, we insert the identity

/d(Pa/d(PbS((Pa_kxa)/Dp(P/D(P
A
'exp{i/ p¢(([)—kx)dr} =1
0
This leads for the global case to
G(xp,x4) = 1exp{1)ﬁ66n}/mdl/Dx/Dp
'/d(Pa/d(Pbé((Pa_kxa)/Dp(P/D(P/ DY
E
A
~exp{i/ dT{(pz—mz—papF—%(pa‘P)éF’>
0

+ (p—kp¢>x+p<p¢—iw"] ()P (0) oo }

(40)

(41)
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and for the local case to

S(xp,xq) = exp{n/l }/mdl/dx/Dx
60" | Jo
- [Dp [ a0, [dp(0.~kx) [Dpy Do
A
. / D‘Pexp{i/ dt {pz —m? — papF — %(pa‘l’)éF/
E 0
1

+ < —(p¥P) + EF(ap'P) - m'f’s)x +(p—kpg)x
Fpop— i | L BAPO) o | @
Let us make the following transformation:

p=P+kpg. (43)

Then, we obtain

G(xp,xq) :iexp{ W}/ dl/Dx/Dp
'/d(Pa/d(Pb6((Pa_kxa /DM/D(P/D‘P
E
A
~exp{i/ dt [px—i- (pz—mz—papF
0

- SPaPIREIF ) 4 (4 290) 10"

(44)

L H(2)P(0) oo }

and

S(xp,xq) = exp{ljﬂaen}/omdl/dx/Dx/Dp
- [ do. [ d98(p.~kx) [Dpy [ Do [ DY

A 1
. exp{i/ dr [px—i— (p2 —m? —papF—E(pa‘P)éF’)
0

+<—p‘P—kp(p‘P+ %F(‘Pap) —m‘P5>x

T pp(@+2kp) —iw"} AP (0) oo } 45)

Let us integrate the first term of the action by parts
then integrate over the paths x (7). This leads in the
two cases to

i) global

G(xp,xq) = 1exp{1y" 50" }/Omdl/Dp/d(pa/d(pb

-6(9u—kv) [Dpy [Dp | DYexp {iCasps —xupa))
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.5(p)exp{i/0)L d‘L’Kp2 —m? — (pap)F
_ %( pa?) (k‘I’)F’) + po(@ +2pk) — i‘I’n‘I""}
S 0) [oso } 46)

ii) local

S(xp,xq) = exp{n/'66n}/mdl/dx/Dp
- [do. [ 46(9u~kx) [Dpy [ Do [ DW

expliton s} pexp i [ ac (17—
— papF — %(pa'f’)(k‘I’)F/) - (p‘P— %F(‘Pap)
+Epp +m‘1’5>% + (¢ +2kp) — i%q’"}

()% (0) oo } (47)

The Dirac function §(p) expresses that the momentum
is constant during the motion, i. e.,

pPr=p2=...=Pn=07D-

Let us now integrate on p, implying in the
i) global case

G()Cb,)ca)—iexp{jjﬂ%}/Omd;L/((2147?;4

~exp{ip(xh—xa)—i—il(pz—mz)}/d(pa
-/d(pr((pa—kxa)/qu,/D(p/ED‘P
.exp{i/oll dr{(—papF— %(pa'f’)(k‘I’)F’)

T D+ 2pk) —iw"} LE(A)E(0) oo }

(48)

ii) local case

S(xb,xa)—exp{lgﬂaen}/:d,l/d%/(;471';4

.exp{ip(xb—xa)—i-il(p —mz)}/d(pa

- [ 4p8(p.~kx,) [ Dpy [ Do [ D¥
-exp{i/oA dr[(-,mpF_ %(pa‘f’)(k‘l’)F’)
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(L 5 by
p¥ 2F(‘Pap)+§p¢+m'{’ x
. G}’l
- o(9+24) ~ |+ BAE0) oo . (49 2 [feer@ur L s

Now we use the factorization property of the spin-field  We also adopt the condensed notation of [2] and obtain
interaction [8] by introducing the identity

/dgadéb /ng/Dg G(xp,xa) =iexp{i}/%}/owd1/(g47’;4
.exp{i/o P&(‘fv _knp)df} —1, (50) ‘eXp{ip(xb—xa)—i-iA(pz_mz)}/d%

: /d(Pba((Pa_kxa)/déa/déb/D(P/Dpﬁu
where & and pg are odd Grassmann variables.

Then G and S become in the ~/D§/Dp5/Dw6(§a+k(w—6) (54)
i) global case E 2

. - d*p 'exp{i/ldf{/l(—(pap)F(<P)+%(pa9)<§F'
G(xp,xq) :1exp{1}/'56n}/ d),/ /d(Pa . 0

/ dy8(Pa — kxa) / d&,dE,( / Dpe +3—1Pa(8*w)§F’) +pe (& —ko)
i —Lloxex
‘/D(P/DP-S/Dé/ED‘I;exp{iP(xb—xa) . +p<p(<P+2kp)} FO*E w} -
st (e {i [ ac| - pap (o) and
—%(pa‘f’)éF’+p<p(<P+2kp) $(xp,xa) = eXp{nf"gen}/:dl/d
gl k) |+ 0,0 90) ), exp {ip(ey ) + 2~ n?)} [ dg
ii) local case : / Ay 8(9a — ko) / dE,dé, / Dp, / Do / Dpe

~/D§/ED(»6(§,1+§((D—6)

-exp{i/old’c{l(—papF((P)-i—%(pa(E*a)

S(xp,x4) = exp {17/1 = } /Ooo
-exp {ip(xp — x4) +iA (p —mz)}/d(pa

~/d<pb6(<pa—kxa)/déadgbé(éu—k%)/np(p ))<§F> <(£*w+ G)p—%F(S*w—i—G)
/D¢/Dp§/D§-/DlpeXp{ /O)Ldf{<—papF +2§p¢+m(8*w541r95))x+p¢(5—kw)
2(pa‘I’)<§F> (PT—%F(‘PQP)-i-éP(p#—m‘PS)X +P¢(‘P+2kp)] — 50)*8*@}.

+pe ( é _ kn{'/) + Py (¢ +2kp) —i¥, lpn] Let us now introduce the transformation

" (1) — ok () +ik" (e« pe),

(55)

FBOPO) o |- 52)
leading to

At this state, it is preferable to use the velocities @

by making change of variables ¥" — @”", defined ko (7) = ko(1).
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Since

D* €% O = W*E* 0+ 2ikope,
Ex 0= ¢€x*x0+ikpe,

we obtain for the two cases
i) global

Glxpxa) = iexp{iw ;gn} / / 2 [ do,
-/d«pb6<<pa—kxa>/D<p/Dp¢/déa/déb/Dé
[ or: [ 005 (&4 50— 0) ) exp ipto .

+iA(p* —m?) }exp {i/oll dt [( — (pap)F ()

+ 3 palexa+ 6)EF ) + pglé ko)
—i-p(p((P—i-ka)} —%(w*e*a)—Zika)pg)}, (56)
ii) local

S(xp,x4) = exp {1)/1 50" }/ (d4I;4 exp{ip(xp — x4)

+ia(p?—m)} [an [ a [dg. [ dgnd(p.-
/D(p/qu,/déa/déb/Dé/Dpé/Da)5

+ (w 0)) exp{/ drpgé ko)

2

+po(@+ 2kp))} exp {i/())L dt [ ( _ papF(o) (57)

+ %(pa(s* o —ikpg + 0))§F’> — % ((s* ®

1
—ikpg +0)py — EF(s*w—ikpg +0)ap+2&Epy
+m(e*a)5+65))x] —%(a)*s*w—Zikmpg)}.

One can replace the Dirac function by its integral rep-
resentation
e>) -

5(a+50-
/dpg exp{lpg (éa k(w 9))}

where p¢, is a Grassmann variable.

(58)
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We have for the two cases
i) global

G(xp,xq) =1iexp {17/" 569Ln}/ d* p4/ dl/d(pa
'/d(Pb5((Pa_kxa)/D(P/Dpﬁu/déa/déb/Dé

./Dpé/EDa)exp{ip(xb—xa)—i—il (pz—mz)}

-exp {i/ol de—papF((p) + % [pa(ex o

(59)
—ikpe + 6)]§F’> + P+ 2kp) + pe (€ —kw)}
—%(w*s*w—Zikwpg)
+rg (+50-0)) )
ii) local

Stonona =exp {iv 2 [ L explipta .
+ia(p? =)} [ a2 [ax [ d. [ dgnd(p.—kx)
~/D(p/Dp(p/déa/déb/Dé/Dpé/EDa)

-exp {i/OA dr [Pé (6 — k@) + po(p+ ka)} }

b

0=0

A’ .
.exp{i/o d’c{(—papF((p)—i-%(pa(e*a) (60)
1
—ikpg + 9))<§F’) b ((s*w—ikpg +0)p
1 .
—EF(E*a)—lkp5+6)ap+2§p¢
+m(8*0)5+95))x} —%(w*s*w—Zikwpg)

trg (a+50-0) ]

The integration on the velocity @? is simple:

6=0

/Da)sexp{—% (a)S*s*w5+im£*wsx>}—l. (61)

The integrals over 0" (1 =0,1,2,3) are

A 1
/Dw’" exp{/ (—Ewﬂsw"‘ +J,,¢a)”> dr},
0

where the sources J,,(7) are in the cases
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i) global ii) local

1 [+
A i __ > s(pa O F (s .
7):_3_1/0 ds(pa)ué(S)F,(S)g('t_s)_l’_gkup&a' Ju(T) 1/ ds(p )”5( VF' (s)e(t—s)

1 A i
=31 || (p+(@p)y F (9)e(z—s)ds+3pg b

By using the properties ka = 0 and k*> = 0, which allow to simplify the Green functions, G and § have the
following forms:
i) global case

G(xp,xq) —1exp{1)/1 556n}/d_p4/ dl/d(pa/d(pr —kxg)
~/D¢/Dp¢/d§a/d<§b/D§/Dp§ exp{ip Xp— Xq —l—il(p —mz)}

[ ae [~ap)F b+ 2k ¢ &Ko)+ pa0)er ©
[ at |~ an)F () + pyo+ 240 + e+ e, (8- 56 ) + (a0 |

-exp

6=0

pap//dsdsSS—s E(s)E(SF'(s)F'(s)

ii) local case

S(xp,xq) = 1exp{1y" Sagn}/%/ dl/d(pa/d(plﬁ

~/D¢/Dp¢/d§a/d§b/D§/DP§ exp {ip(xp —xo) +iA(p* —m)}

. .1 k
2 —papF (@) + po(9 +2kp) + pe (C— + Epkx) +pe, (@, —~ 56)
i/ dr
0

exp S(pp / / dsds'e(s ) E ()& (5 )F'(5)F' (s

i 1 1
+%(pa6)§F —— <6p+2§p¢+m6— —F(Gap)> X (63)

6=0

+%((Pap) +pa2p)/0 /o dsds'e(s — ')

i A
FOFWEWL+3(phpgr | dF()

Let us now integrate on the Pe- The two expressions . 2 ) . / A
— — F
(62) and (63) are then reduced to HiA(pT—mT)}expy 0 de| —(pap)F(p)

1) global case

G(xp,xq) —iexp{iy" 555n}/L4/ dl/d(pa
n i(pa@)éaF'}

-/d<pb6(<pa —kxa)/Dq)/Dp(p/dC‘a exp{ip(xy —xa) 4

. k
+Po(@+2kp)+ pe, <§a - 50>

} ; (64)
6=0
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ii) local case

S(Xb,xa)=exP{iV“ 56gn}/%/owdl/dx

.exp{ip(xb—xa)—i-il(pz—mz)}/d(pa/d(pb

~kx,) [Do [Dpy [a& [apy, [ 4t
5(6-&+ goir)ewfi [ar [— (pan)¥ (9)

o9+ 2kp—ilux) + pe, <§a

=60 — —kpx> (65)

+l(pa6) ’éa——<6p+m65—— Oap) >

8/ / dsdse

: (Ca - 5ka~?>% + 5/0 /0 dsds'e(s—s')pa’p
(a-2) (a2 )P )

L. e., we have, respectively, in the
i) global case

ézéangzctea
ii) and local case
pk
Ee)=&- Ty

Integrating over the p¢, , we obtain
i) global case

k
éa*éb* 567

ii) local case

)(pap + pa’p)F'(s)F (s)

0=0

(66)

(67)

(68)

ko1
&= 59 + kax- (69)

We notice that we have in both cases
éa + éb = ke»

Thus, the Green functions reduce to:
i) global case

Glxp.xa) —iexp{iw 56”} [ i [ an [ aon

: / depS (@ — kxa) / Do / Dpoy exp{lp(xb—xa)

- i [ ' de| - (pan)F(0)

b
6=0

(70)

+po(-+2p) + 5 (pab) (O0)F |
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i1) local case
1)
S(xp,Xa) —exp{1)/15gn}/—4/ dl/dx
.exp{ip(xb—xa)—i-il(p —m? }/d(Pa/d(Pb
A

'5((Pa—kxa)/D(P/DP<p€XP{i/O dt {—papF((p)
+p<p<([)+2kp—i§6)() - %(Gp-l-mes)x

I i 1 , 71
+ Z(Gap)F)( + Z(pa@) (ke + 5]([7%)]7 :|

1 At ! ! 2 l !
tre [ astvets—sipap) + (P p)F R (S)

1 A A / /

'(kG)x+3—2/0 /0 dsds'e(s — s') (pa®p)

340~ pks) K0 — phts)F/6)F'(5) |

6=0

An integration on p, allows to obtain the relation
existing between 7 and @:
i) global case

de
dr=—-——" 72
T 2k’ (72)
ii) local case
dr 1 k6
—=——1-—=—x]. 73
dp ~ 2kp < 2kp7‘) (73)

Then (70) and (71) reduce to

1)
G(xp,xq) = iexp{iy" 55” }/ / /d(pa
[ 40,8(0u — ko - <2kp>x>eXp{1p<xb —x,)

+ix(p2—m2)}/D(pexp{ —i/(p(:b {(PGP)F((P)

(74)

and

S(xp,xa) :exp{i}/' 56(;} & p4/ d),/dx

~exp{ip(xp —x4) +iA(p? — mz)}

p{ —i[(’z’zl’j) [" Fire
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(pa6)(0k) [k dF o
+74kp - d(Pd(er (Gap)x o Fdo

(Gp-i-mes)x—i— //dsdss(s—s)(pap)

'F'(s)F(s’)EGX} oy

Now, let us integrate on the variable y [11] for only the
local case. Then

oL P
s<xb,xa>exp{1w w}( (6ap) [ Fag

1
+§(6p+m65)+

./%Awdlexp{ip(xb—xa)+i7L(P2—m2)}

e iz | (vap) [ F(o)ag

kx,
)
0=0

de
Let us reintroduce now the matrices y* by performing
the derivation with the help of the following formula

exp (1’)”%) F(0)o=0=f (g—lé) exp(iY'0u) lo—0,

where
[ (paB)(6K) R dF
o) =ew i [ gt
i(pa)(6k) ¥ dF
4k(xp — xg) Jix, do

(75)

%(pap)(F’*s*F)%G)

+ L (pad)(o0)

5 (76)

a

in the global case and

Fdo+ -
Pa

16)= (50ap) [ Fag -+ 09+ m0?
+ %(pap)(F/*s*F)gﬁ)

0)(0k) [+ dF
4k(xp — x4) Jix, do
in the local case.

With

(77)

. . 1
exp(iy"0u) = 1 +iy, 04 — EGMGVY“}/V
i
+ £ 0u0 01 Y'Y + 60610607

and the derivative
2

Fgaggp ubv 1Y = ~2ioup,

it is

exp{lw 59n} (% /kxk:b Z_gd(p)

_ (poak)  *wdF
o Ak(xp —x4) Sk, d@

=0 (78)

The kernel are in the
i) global case

G(xp,xq) :i/ (gj:; exp{ip(xp — x4 }/ da
iz~ m)yexp {1 2 [ pig)a

2kp
- B4 () - Pl |} 7o)
ii) local case
§ [ &g .
S(xp,Xa) 21/(27)4/0 dA exp{ip(xp —xq)
HIA(P = m)H (=1 py+ m)
(80)

-exp{—i[%/TbF(@w

(F(o) - Flo)] }.

Using the action of the operator

(pack)

1
<_7ﬁb+ EF(kxb)yaﬁber)

on the Green function, obtained in the global case, we
find for the same Green function (without y°) on the
Dirac equation:

4 o
Sk = [ e [ dhexplid (o~ )

-(=yp+m)exp {i [p(xb —Xa)— (pap)

2kp
kxp, a
Flpp T2 (k) — Pk}

a

We can integrate again on A and obtain
d*p ( Yp+m)

S(xb,xu):/( I xp{i[p(xb—xa)

-9 [ Pg)ap Lot (r ho) (k)] |
(82)
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This can be made symmetrical with respect to the po-
sitions x, and x;, thanks to the properties
ka=0, k*=0.

Finally, the Green function reads

d*p 1 (pack)
S %a) 7/ (2m)* p2 —m2 +ie <1+ 4kp F(kxb)>

(pack)

) (1= T2 P, 3
exp {i [p(x,, —xa) - (IZ’Z[’)’) k:” F((p)d(p] }

This Green function describes Dirac particles moving
in a weak gravitational field.

From the two poles

Pl = tw—i0 = £(p*+m?)2 —i0 (84)

and using the residues from these two poles, we get the
following expression:

_je(tb—fa)/ (3353 <l%>

. (1 n (pfkf)k)F(kxb)) 7(_7/5”? m)

: (1 - %?F(kxa)) exp {i (p(xb — Xa)

52 )=

S () (g

_ (?’pz; m) (1 N (pszk) F(kxb)>

a0~ 22 [ rip)

kxa

S(xbvxa) =

(85)

Now using the decomposition on states of positive and
negative energy [12]

_ +m
As = Yulpsi(p.s) = L,
+s m
—yp+m (80
A= ;V(P»S)V(Pas) ==

S. Zabat and L. Chetouani - Path Integral Treatment of a Dirac Particle in a Weak Gravitational Plane Wave

and identifying the spectral decomposition

S(ae3a) = =160ty — 1) [ & p L ) B )
+s

_ (87)

10— 1) [ €L ()T (x0),
+s

we can extract the respective wave functions related to
the particle and the antiparticle in a weak gravitational
field:

Hp) = (z:r)% (%) (1 " (fk(:;)”kx)) (88)

‘u(p,s)exp {ipx —i (ZIZZ;Z)) /kxF(w)dq)}

and
%)= G () (- Smri)

pexp =i (e 2 (" F(gjap) .

The quantities u(p,s) and v(p,s) are spinors, i.e., so-
lutions of the free Dirac equation and such that

(89)

ﬁ(p,s)u(p,s)zl, V(p,s)v(p,s):—l.

4. Conclusion

In this paper, we determined the Green functions
related to Klein-Gordon and Dirac particles by using
only some transformations in order to make the & func-
tions and the calculation of the integrals easier. The ar-
guments of the & functions are the equations for the
trajectories of the respective classical particles.

Indeed, for the Klein-Gordon particle, the equations
of motion are the following:

u dF (kx)
d(kx) ’
& ==2pH + ((ap)* + (pa)")F (kx).
After multiplying kg, apy, and ayp, we have

pt = —(pap)k

kp =0 — kp = const.,

ap = pa=0— pap = const.,
u
dpt _ (pap) dF (k)

dr 2pk dt

% (p"‘ — kM %F(kx)) =0.

kx = —2pk,
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This leads to the two equations

Pt = pHt — ! _(pap) F(kx) —
dpPH
—— =0— P* =const.,
dt

and

¢ = ki = —2Pk = —2pk. on
For the Dirac particle, we have the corresponding
equations of motion in the

i) global case

aF 1 d’F
= —kH ——+ —(pa¥?)(k¥)———
p (pap)d(kx)Jrz(pa )( )d(kx)2 ,
1 dF
o _ppH BE L~ (qW)M (kP ——
X PH A (ap + pa)'F + = (a¥)*( )d(kx)’
PH = 2 [(pa)" (k) — K (pa®)]F.
Together with
pk=(pap), ki=—2pk,
and by using
d(pa¥) X 1 2 dF
ar — pa¥+pa 2;(Pa"p)( )]d(kx)’
(k¥)* =0,
we obtain the equations
dptt—d (pap)
| pH M R
dt _ dt {p ( 2pk
dF
— ——(pa?)(k¥)— | | =0
o )|
P" =const, kx= —2Pk= —2pk,
k6
kP (1) =k¥P(A) =k¥(0) = 5
ii) In the local case we have
aF 1 a’F
M = —kH H——+ = (pa¥) (k¥
1 dF
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i ==2pt + ((pa)* + (ap)*)F

+ (%(a‘f’)“(k‘f’)

P = 2 (pa)! () — K (pa®)] F'

_l ﬂ_l( )IJF

) p zaP X
'5_'ﬂ
v —12){

By using
, kp
klfl__Tja
(kp) A kO

Y1)=——"=|1——= —
k¥ (7) GV EAER
s_ (.m7  (kp)A ke
= <1 > + 1 X+ 5

we finally obtain the following equations:

ki = —2(pk) — 2i (k%)

_ (kp)T kO . (kp)A
= 2(pk)+[l > x+2 i x| x
= —2(pk) —ikby,
de . . k6
—— = 2(pk) — =2 1+i—
1 = =20~ ko = 2(0) |1 +i5 1]
or we find
v _ 1 |, _,k6
do 200k | '2pk%
and
. kp
K =——x,
'5_'ﬂ
v —12){.

Thus, it was shown that the classical trajectories
play essential roles in the calculation of the Green
functions, and consequently a semi classical calcula-
tion should give the same result, what will be published
separately.
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